In dark energy models where a scalar field φ is coupled to the Ricci scalar R of the form e −2Q(φ−φ 0 )/M pl R, where Q is a coupling constant, φ0 is today's value of φ, and M pl is the reduced Planck mass, we study how the recent Lunar Laser Ranging (LLR) experiment places constraints on the nonminimal coupling from the time variation of gravitational coupling. Besides a potential of the light scalar responsible for cosmic acceleration, we take a cubic Galileon term into account to suppress fifth forces in over-density regions of the Universe. Even if the scalar-matter interaction is screened by the Vainshtein mechanism, the time variation of gravitational coupling induced by the cosmological evolution of φ survives in the solar system. For a small Galileon coupling constant β3, there exists a kinetically driven φ-matter-dominated-epoch (φMDE) prior to cosmic acceleration. In this case, we obtain the stringent upper limit Q ≤ 3.4 × 10 −3 from the LLR constraint. For a large β3 without the φMDE, the coupling Q is not particularly bounded from above, but the cosmological Vainshtein screening strongly suppresses the time variation of φ such that the dark energy equation of state w DE reaches the value close to −1 at high redshifts. We study the modified gravitational wave propagation induced by the nonminimal coupling to gravity and show that, under the LLR bound, the difference between the gravitational wave and luminosity distances does not exceed the order 10 −5 over the redshift range 0 < z < 100. Unless very high-precision data of two distances are available in the future, it is difficult to distinguish between nonimnimally and minimally coupled dark energy models from the observations of standard sirens.
I. INTRODUCTION
The advent of gravitational wave (GW) astronomy [1] shed new light on the physics of late-time cosmic acceleration. A scalar field φ is one of the simplest candidates for dark energy, whose potential energy [2] or nonlinear kinetic energy [3] can drive the acceleration. If we allow for the coupling between φ and the gravity sector, Horndeski theories [4] are known as the most general scalar-tensor theories with second-order equations of motion [5] [6] [7] . The GW170817 event from a neutron star merger [8] together with electromagnetic counterparts [9] showed that the speed of GWs c t is very close to that of light c. This observation excluded sub-classes of Horndeski theories in which c t deviates from c with the relative difference greater than the order 10 −15 .
If we strictly demand that c t = c on the isotropic cosmological background, the allowed Horndeski Lagrangian is of the form L = G 2 (φ, X) + G 3 (φ, X) φ + G 4 (φ)R, where G 2 , G 3 are functions of φ and X = −∂ µ φ∂ µ φ/2, while G 4 is a function of φ alone [10] [11] [12] [13] [14] [15] [16] . This includes the theories like quintessence [2] , k-essence [3] , cubic Galileons [17] [18] [19] [20] , Brans-Dicke (BD) theory [21] , f (R) gravity [22] [23] [24] , and nonminimally coupled theories with general functions G 4 (φ) [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
The original massless BD theory [21] is equivalent to the Lagrangian L = 1 − 6Q 2 F (φ)X + (M 2 pl /2)F (φ)R with F (φ) = e −2Q(φ−φ0)/M pl , where the constant Q is related to the so-called BD parameter ω BD , as 2Q 2 = 1/(3 + 2ω BD ) [34] . General Relativity (GR) is recovered in the limit ω BD → ∞, i.e., Q → 0. If we transform the action of BD theory to that in the Einstein frame, the constant Q has a meaning of coupling between the scalar field and nonrelativistic matter [35] .
The parametrized post-Newtonian (PPN) formalism [36, 37] on the weak gravitational background shows that, in massless BD theory, one of the PPN parameters is given by γ = (1+ω BD )/(2+ω BD ) [38] . The Cassini experiment measuring the time delay of light in the solar system placed the constraint |γ − 1| ≤ 2.3 × 10 −5 [39] . This translates to the bound ω BD ≥ 4.3 × 10 4 , or equivalently, |Q| ≤ 2.4 × 10 −3 . For the coupling |Q| > 2.4 × 10 −3 , one needs to resort to some mechanism for screening fifth forces mediated by the BD scalar field.
If the BD scalar has a massive potential in over-density regions of the Universe, the propagation of fifth forces can be suppressed under the chameleon mechanism [40, 41] . For example, metric f (R) gravity corresponds to BD theory with Q = −1/ √ 6 in the presence of a scalar potential of gravitational origin [35, 42] . It is possible to design the form of f (R) such that the scalar degree of freedom (scalaron) has a heavy mass in over-density regions, while realizing cosmic acceleration by a light scalar on Hubble scales [43] [44] [45] [46] . However, this amounts to a fine-tuning of initial conditions of scalaron perturbations in the early Universe [44, 46, 47] . Moreover, unless the scalaron is nearly frozen until recently, the large coupling |Q| ≃ 0.4 leads to the significant enhancement of matter perturbations in the late Universe [43, 44, 46, 48, 49] . For the compatibility of f (R) models of late-time cosmic accelerationwith with observations, the deviation from GR is required to be very small and hence they are hardly distinguishable from the Λ-Cold-Dark-Matter (ΛCDM) model [50, 51] .
There is yet another mechanism for screening fifth forces in local regions of the Universe based on nonlinear derivative self-interactions [52] . A representative example is the cubic Galileon Lagrangian X φ [17] [18] [19] [20] , with which the Newtonian behavior is recovered inside the socalled Vainshtein radius r V [53] [54] [55] [56] [57] [58] [59] [60] [61] even with the coupling |Q| > 2.4 × 10 −3 . For uncoupled Galileons (Q = 0) without the scalar potential, it is known that there exists a cosmological tracker solution finally approaching a de Sitter attractor [62, 63] (see also Refs. [64, 65] ). Unfortunately, this dark energy model is in tension with the observational data of supernovae type Ia, Cosmic Microwave Background (CMB), baryon acoustic oscillations, and redshift-space distortions [66] [67] [68] [69] [70] [71] [72] . For the nonminimally coupled light mass or massless Galileon with a potential, e.g., the linear potential V (φ) = m 3 φ, it is possible to realize the viable cosmic expansion history, while recovering the Newtonian behavior in the solar system [73, 74] .
While the Vainshtein mechanism suppresses the scalarmatter interaction for the distance r ≪ r V , the gravitational coupling G N in over-density regions contains time dependence of the dark energy field φ through the nonminimal coupling F (φ) [58, 60] . Then, G N varies in time even inside the solar system. In recent LLR experiments [75] , the time variationĠ N /G N is constrained with the upper limit tighter than before [76] by one order of magnitude. This new LLR bound was used to constrain dark energy models based on nonlocal gravity [77] .
In this paper, we exploit the new LLR bound to constrain nonminimally coupled dark energy models with the cubic Galileon interaction β 3 M −3 X φ and the potential V (φ) of light mass Galileons, where β 3 is dimensionless coupling constant and M is a mass scale defined later in Eq. (2.2). As long as the scalar potential is the main source for late-time cosmic acceleration, the Galleon model can be compatible with observational constraints on cosmic expansion and growth histories [78] .
For |β 3 | ≪ 1, there exists a so-called φ-matterdominated epoch (φMDE) [79] in the Jordan frame followed by the stage of cosmic acceleration. For the exponential potential V (φ) = V 0 e λφ/M pl , we place constraints on the allowed parameter space in the (λ, Q) plane and derive the stringent limit Q ≤ 3.4 × 10 −3 from the LLR constraint. This is almost close to the Cassini bound Q ≤ 2.4 × 10 −3 obtained for massless BD theories without the Vainshtein screening. For |β 3 | ≫ 1, the coupling Q is not particularly bounded from above due to the suppression of field kinetic energy under the cosmological Vainshtein screening. In this case, we show a new possibility for realizing the dark energy equation of state w DE close to −1 from high redshifts to today even for the steep potential satisfying λ > √ 2. In our dark energy theory the speed of GWs is equivalent to that of light, but the existence of nonminimal coupling F (φ) leads to the modified GW propagation through the existence of a nonvanishing term α M = F /(HF ), where H is the Hubble expansion rate (see Refs. [80] [81] [82] [83] [84] [85] [86] [87] for related works). This property can be generally used to distinguish nonminimally coupled the-ories from minimally coupled theories like quintessence. In our nonminimally coupled dark energy scenario, we will compute the relative ratio between the GW distance d GW (z) and luminosity distance d L (z) from an observer to a source at redshift z. Under the LLR bound on the variation of F (φ), we show that the relative difference d GW (z)/d L (z) − 1 does not exceed the order 10 −5 in the redshift range 0 < z < 100. Thus, in nonminimally coupled theories, the LLR data allow only tiny deviations of d GW (z) from d L (z), so it will be difficult to detect such difference without very high-precision distance measurements.
This paper is organized as follows. In Sec. II, we present our nonminimally coupled dark energy model and revisit how the cubic Galileon interaction screens the scalar-matter coupling under the Vainshtein mechanism. We then interpret the recent LLR bound in terms of today's value of α M . In Sec. III, we derive the background equations of motion on the flat Friedmann-Lemaître-Robertson-Walker (FLRW) background and express them in autonomous forms. In Sec. IV, we study the cosmological dynamics in the presence of exponential potential V (φ) = V 0 e λφ/M pl for unscreened (|β 3 | ≪ 1) and screened (|β 3 | ≫ 1) cases after the radiation domination. We put constraints on the allowed parameter space from the recent LLR bound and discuss the evolution of w DE and field density parameters. In Sec. V, we investigate how much difference arises between d GW (z) and d L (z) for the two different background cosmologies discussed in Sec. IV. Sec. VI is devoted to conclusions.
Unless otherwise stated, we use the natural unit where the speed of light c, the reduced Planck constant , and the Boltzmann constant k B are equivalent to 1.
II. NONMINIMALLY COUPLED THEORIES AND LLR CONSTRAINTS
We begin with a subclass of Horndeski theories given by the action
where g is the determinant of metric tensor g µν , X = −∂ µ φ∂ µ φ/2 is the kinetic energy of a scalar field φ, and which is of order 10 −22 GeV. The nonminimal coupling F (φ) is chosen to be of the form:
where φ 0 is today's value of φ and hence F (φ 0 ) = 1. We assume that the matter sector, which is described by the action S m with the density ρ m , is minimally coupled to gravity. The scalar field mediates fifth forces with the matter sector through the direct gravitational interaction characterized by the coupling Q.
If β 3 = 0, then the theories given by the action (2.1) are equivalent to BD theories [21] with the scalar potential V (φ). Indeed, by setting χ = F (φ), the Lagrangian in the action (2.1) 
where ω BD is the BD parameter related to Q according to 3+2ω BD = 1/(2Q 2 ) [34] . In the original massless BD theories with V (φ) = 0, the coupling strength is constrained to be |Q| ≤ 2.4 × 10 −3 from the Cassini experiment [39] .
For the coupling |Q| > 2.4 × 10 −3 , we require the existence of scalar potential V (φ) or field derivative interaction X φ to screen fifth forces in the solar system. In the former case, the chameleon mechanism [40, 41] can be at work for the potential having a large mass in regions of the high density. One of such examples is f (R) gravity, in which the scalar potential of gravitational origin arises with the coupling Q = −1/ √ 6 [35] . In f (R) models of late-time cosmic acceleration accommodating the chameleon mechanism in over-density regions, the functional form of f (R) needs to be designed such that the scalaron mass M φ grows very rapidly toward the asymptotic past [43] [44] [45] [46] . This causes the fine-tuning problem of initial conditions of perturbations associated with the oscillating mode induced by the heavy mass [44, 46, 47] .
Instead of resorting to the chameleon mechanism with a very massive scalar in over-density regions, we consider the Galileon self-interaction X φ to suppress fifth forces under the Vainshtein mechanism [52] . The scalar potential V (φ) of a light scalar is also taken into account as a source for the cosmic acceleration. Defining the dimensionless quantity
4)
the condition for cosmic acceleration in the absence of Galileon interactions and matter is given by |λ| < √ 2 [88, 89] . The existence of Galileons can modify this structure, but we focus on the case in which the condition
is satisfied during the cosmic expansion history from the past to today. The coupling strength |Q| exceeding the order 1 leads to the strong enhancement of matter density perturbations incompatible with observations in largescale structures [34] , so we consider the coupling
in the following discussion.
The original Galileon theory [17] has the linear potential V (φ) = m 3 φ with Q = 0, in which case the resulting field equation of motion respects the Galilean symmetry in Minkowski space-time. This potential corresponds to a massless scalar with λ = M pl /φ, so the condition (2.5) translates to φ ≥ M pl . For Q = 0, the cosmological dynamics with the linear potential was studied in Ref. [74] . In this case, today's cosmic acceleration is followed by the collapsing Universe after the field enters the region V (φ) < 0.
The constant λ corresponds to the exponential potential V (φ) = V 0 e λφ/M pl . In this case, the scalar mass squared M 2
Since the potential energy V is the dominant contribution to today's energy density of the Universe, we have V M 2 pl H 2 , where H is the Hubble expansion rate in the past (redshift z ≥ 0). Then, under the condition (2.5), it follows that M 2 φ λ 2 H 2 H 2 . This property also holds for the potential with a time-varying λ in the range (2.5). For the light scalar whose today's mass M φ is smaller than H 0 , the effect of M φ on the scalar-field equation can be ignored to study the Vainshtein mechanism in regions of the high density. In other words, the chameleon mechanism does not come into play for screening fifth forces.
A. Vainshtein screening
The behavior of scalar and gravitational fields around a spherically symmetric over-density on a cosmological background was already studied in Refs. [58, 60] , so we briefly review it in the following. Let us consider the following perturbed metric in the Newtonian gauge:
where a(t) is the time-dependent scale factor, Ψ and Φ are gravitational potentials depending t and the radial coordinate r = a(t) δ ij x i x j . The scalar field and matter density on the homogenous cosmological background are given byφ(t) andρ m (t), respectively. The existence of a compact object gives rise to the perturbations χ(t, r) and δρ m (t, r) in φ and ρ m , such that φ =φ(t) + χ(t, r) and ρ m =ρ m (t) + δρ m (t, r).
We are interested in solutions deep inside today's Hubble radius, r ≪ H −1 0 . Hence we neglect time derivatives of perturbed quantities, while keeping spatial derivatives. The radial dependence of the derivative ∂χ/∂r changes around the Vainshtein radius r V , which is estimated as [59, 60] 
is the Schwarzschild radius of the source. For r ≫ r V the field derivative has the dependence ∂χ/∂r ∝ r −2 , while, for r ≪ r V , ∂χ/∂r ∝ r −1/2 . In the latter regime, the nonlinear effect arising from the cubic Galileon selfinteraction suppresses the propagation of fifth forces induced by the coupling Q. Indeed, for r ≪ r V , the dominant contributions to gravitational potentials are given by
with the corrections of order Q 2 (r/r V ) 3/2 relative to the leading-order solutions (2.10) [59, 60] . Since the value of F today (cosmic time t 0 ) is equivalent to 1 in our theory, the Newtonian behavior is recovered for r ≪ r V . As long as r V is much larger than the solar-system scale (∼ 10 15 cm), the model is consistent with solar-system tests of gravity. Since (r g H −2 0 ) 1/3 ≃ 3 × 10 20 cm for the Sun, this condition translates to
When |Q| is of order 10 −2 , for example, the coupling β 3 needs to be in the range |β 3 | ≫ 10 −15 .
B. LLR constraints
From Eq. (2.10) with Eq. (2.9), the leading-order gravitational potentials inside the Vainshtein radius can be expressed as
where δM = 4π r 0 δρ mr 2 dr, and G N is the measured gravitational coupling given by
.
(2.13)
Here and in the following, we omit the bar from the background value of φ. Since the dark energy field φ changes in time, this leads to the time variation of G N . This fact was first recognized in Ref. [58] and it was conformed in Ref. [60] in full Horndeski theories. From the recent LLR experiment, the variation of G N is constrained to be [75] 
where a dot represents the derivative with respect to t. This improves the previous boundĠ N /G N = (4 ± 9) × 10 −13 yr −1 [76] . Using the value H 0 = 100 h km s −1 Mpc −1 = (9.77775 Gyr) −1 h, the bound (2.14) translates to [77] Ġ
We define the following quantity,
which was used in the context of effective field theory of dark energy [90] . Since α M is related to the variation of G N , as α M = −Ġ N /(HG N ), the bound (2.15) can be expressed as
(2.17) If α M > 0, i.e., for decreasing G N in time, the upper bound is especially stringent: α M (t 0 ) ≤ 7 × 10 −5 for h = 0.7. Even when α M < 0, the upper limit of |α M (t 0 )| is of the order 10 −3 . They are smaller than the previous bound |α M (t 0 )| ≤ 0.02 [58] by more than one order of magnitude.
III. DYNAMICAL SYSTEM
We study the background cosmology for theories given by the action (2.1) and discuss how the coupling Q is constrained from the LLR bound (2.17). We consider the flat FLRW background described by the line element ds 2 = −dt 2 +a 2 (t)δ ij dx i dx j . For the matter action S m , we take nonrelativistic matter (density ρ m with vanishing pressure) and radiation (density ρ r and pressure P r = ρ r /3) into account. Then, the Hamiltonian and momentum constraints lead to [6, 78] :
where H =ȧ/a, and ρ DE and P DE are the density and pressure of dark energy, defined, respectively, by
Besides the matter continuity equationsρ m + 3Hρ m = 0 andρ r + 4Hρ r = 0, the dark sector obeyṡ
The dark energy equation of state is defined by
In nonminimally coupled theories the first terms on the right hand sides of Eqs. To study the background cosmological dynamics, we introduce the following density parameters,
We consider the case in which Ω G3 is positive in the expanding Universe (H > 0), which amounts to the condition
We also define the quantity
which is related to Ω K and α M , as
We can express Eq. (3.1) in the form:
where Ω DE is defined by
From Eqs. (3.2) and (3.5), it follows that
where
The condition for cosmic acceleration to occur is that the effective equation of state,
is smaller than −1/3.
The dimensionless variables x, Ω V , Ω G3 , and Ω r obey the differential equations,
respectively, where a prime represents a derivative with respect to N = ln a. The dark energy equation of state (3.6) is expressed as
The dimensionless field y ≡ φ/M pl obeys
Once the potential V (φ) is specified, the cosmological dynamics is known by solving Eqs. (3.17)-(3.20) and (3.22) for given initial conditions of x, Ω V , Ω G3 , Ω r , and y. For the theory (2.1), the propagation speed squared of GWs is equivalent to 1 [6, 91] . The tensor ghost is absent for F (φ) > 0, which is satisfied for the choice (2.3). For scalar perturbations, the conditions for avoiding ghosts and Laplacian instabilities are given, respectively, by
In Sec. IV, we will discuss whether these conditions are satisfied during the cosmological evolution from the radiation-dominated epoch to today.
IV. COSMOLOGICAL DYNAMICS
In this section, we study the cosmological dynamics for constant λ, i.e., the exponential potential,
In this case, the dynamical system given by Eqs. (3.17)-(3.20) is closed. As long as λ slowly varies in time in the range (2.5), the cosmological evolution is similar to that discussed below.
In over-density regions of the Universe, the operation of Vainshtein mechanism means that the cubic Galileon term X φ dominates over other field Lagrangians. In the cosmological context, this amounts to the dominance of Ω G3 over Ω K and Ω V in the early epoch. Let us consider the case in which the conditions
are satisfied during the radiation-dominated epoch (in which Ω r is close to 1). From Eqs. (3.13) and (3.14), we then have h ≃ −2 and
Since Ω r starts to deviate from 1 in the late radiation era, the term ǫ α is not necessarily negligible relative to −1/2 for |α M | ≫ Ω G3 . On using Eqs. (3.17), (3.19) , and (3.20), the quantity ǫ α obeys the differential equation,
Under the condition Ω G3 ≫ Ω K , the first term on the right hand side of Eq. (4.4) is much smaller than 1. Ignoring this term and solving the differential equation
α is the initial value of ǫ α at a = a i . In the limit a → ∞, ǫ α asymptotically approaches 1.
If the condition |α M | ≫ Ω G3 is initially satisfied, |ǫ (i) α | can be as large as the order 1. Then, ǫ φ soon approaches the asymptotic value
during the radiation era. In this regime, the field density parameters and |α M | grow as
This shows that, even if Ω G3 ≫ Ω K initially, it is possible for Ω K to catch up with Ω G3 . If this catch up occurs by the end of radiation era, we have Ω G3 < Ω K at the onset of matter dominance. If |α M | ≪ Ω G3 initially, i.e., |ǫ (i) α | ≪ 1, there is the stage of radiation era in which the quantity ǫ φ is close to −1/2. On using Eqs. (3.17)- (3.19) in this epoch, the field density parameters and |α M | evolve as
8) so that |α M | grows faster than Ω G3 . If |α M | exceeds Ω G3 during the radiation era, the solutions enter the regime characterized by Eqs. (4.6) and (4.7). Although Ω K grows faster than Ω G3 in the two regimes explained above, it can happen that the inequality Ω G3 > Ω K still holds at the beginning of matter era for Ω G3 initially much larger than |α M | and Ω K .
The above discussion shows that there are two qualitatively different cases depending on the values of Ω G3 and Ω K at the onset of matter dominance. The first is the case in which Ω K dominates over Ω G3 , i.e.,
Under this condition, there exists the φMDE in which the field kinetic energy is not screened by the Galileon term.
The second is the case in which the condition
is satisfied after the end of radiation era. This corresponds to the situation in which the cosmological Vainshtein screening is sufficiently efficient to suppress the time variation of φ throughout the evolution from the radiation era to today. In the following, we study these two different cases in turn. We note that, under the conditions (4.2), the dark energy equation of state (3.21) during the radiation dominance can be estimated as
irrespective of the two asymptotic values of ǫ φ (= ±1/2) explained above.
A. Unscreened late-time cosmology with the φMDE
Let us first study the cosmological dynamics for the case (i), i.e., Ω G3 ≪ Ω K after the onset of matte era. In this case, the coupling β 3 is in the range
(4.12)
To derive fixed points of the dynamical system, we take the limit Ω G3 → 0 in the autonomous Eqs. For Q = 0, the standard matter era is replaced by the φMDE characterized by the fixed point
, 0, 0, 0 , (4.13)
with
(4.14)
The φMDE was originally found for coupled quintessence in the Einstein frame [79] . This corresponds to the kinetically driven stage in which
dominates over Ω G3 . On the fixed point (a), the parameter α M is given by 15) and hence α where x (a) is the value of x on the φMDE.
After Ω K exceeds Ω G3 by the end of radiation era, the solutions are naturally followed by the φMDE in which the cosmological Vainshtein screening is no longer effective. While Ω K is constant during the φMDE, the other field density parameters evolve as
For |Qλ| ≪ 1 and Q 2 ≪ 1, Ω V grows in proportion to a 3 , whereas Ω G3 decreases as ∝ a −3 . Hence the contribution of cubic Galileons to Ω DE becomes negligibly small in the late matter era. The stability of point (a) is known by linearly perturbing Eqs. (3.17)-(3.20) with homogenous perturbations δx, δΩ V , δΩ G3 , and δΩ r [88, 89] . The eigenvalues of Jacobian matrix associated with these perturbations are given by
The first three eigenvalues are negative for λ and Q in the ranges (2.5) and (2.6), while the last one is positive. Hence the φMDE corresponds to a saddle point. This shows that, as long as Ω K catches up with Ω G3 by the end of radiation era, the solutions temporally approach the φMDE with Ω G3 ≪ Ω K ≃ constant.
There are other kinetically driven fixed points characterized by (x, Ω V , Ω G3 , Ω r ) = (1/( √ 6Q ± 1), 0, 0, 0). Since Ω m = 0, this point cannot be responsible for the matter era. The scaling fixed point (x, Ω V , Ω G3 , Ω r ) = (− √ 6/(2λ), (3 − 2Qλ − 6Q 2 )/(2λ 2 ), 0, 0) is also present, but Ω DE = (3 − 7Qλ − 12Q 2 )/λ 2 is larger than the order 1 under the conditions (2.5) and (2.6) . Hence this scaling solution is irrelevant to the matter-dominated epoch. This is also the case for the radiation scaling solution (x, Ω V , Ω G3 , Ω r ) = (−2 √ 6/(3λ), 4/(3λ 2 ), 0, 1 − 4(1−2Qλ−4Q 2 )/λ 2 ), where Ω DE = 4(1−2Qλ−4Q 2 )/λ 2 exceeds the order 1.
The fixed point relevant to the dark energy domination is given by
with 
(4.20)
The point (b) can drive the cosmic acceleration for w eff < −1/3, which translates to 
The Galileon density parameter decreases as Ω G3 ∝ a −p around point (b). In the following, we focus on the couplings satisfying
During the φMDE, we showed that α M > 0 for Q 2 < 1/2. Provided x does not change the sign during the cosmological evolution from the radiation era to fixed point (b), the parameter α M is in the range
and hence x < 0. The negative value of x is consistent with the fact thatφ < 0 when the scalar field rolls down the potential with λ > 0. Alternatively, we can consider negative values of λ and Q, in which case x > 0. Under the condition (4.24), we have Qφ < 0 for H > 0 and hence the quantity Qφ decreases in time. This means that the field φ satisfies the inequality Q(φ − φ 0 ) > 0 in the past. Then, irrespective of the sign of Q, the quantity F = e −2Q(φ−φ0)/M pl is smaller than 1 during the past cosmic expansion history. In Fig. 1 , we exemplify the evolution of Ω K , Ω V , Ω G3 , Ω r , Ω m , and α M versus z +1 (= a(t 0 )/a(t)) for Q = 5.0× , ǫ φ soon approaches the value 1/2 during the radiation era. In Fig. 1 , we can confirm that the evolution of Ω K , Ω V , Ω G3 , α M around the redshift 10 4 z 10 8 is approximately given by Eq. (4.7). In Fig. 2 , we plot the evolution of w DE and w eff for the same model parameters and initial conditions as those used in Fig. 1 . As the analytic estimation (4.11) shows, both w DE and w eff are close to 1/3 during the deep radiation-dominated epoch.
In the numerical simulation of Fig. 1 , Ω K catches up with Ω G3 around the redshift z = 4.6 × 10 3 . Then, the solutions approach the φMDE with the constant kinetic density parameter
As we estimated in Eq. (4.17), Ω V increases during the φMDE, while Ω G3 decreases. In Fig. 1 , we observe that Ω V exceeds α M around the redshift z = 130. After this moment, Ω V becomes the dominant contribution to Ω DE . As long as Ω V ≪ 1, the terms containing Ω V in Eqs. (3.13) and (3.14) hardly modify the values of h and ǫ φ during the φMDE. In Fig. 1 , we find that the φMDE with nearly constant Ω K continues up to the redshift z ≈ 10.
The dark energy equation of state is more sensitive to the dominance of Ω V over other field density parameters. In the regime where the condition Ω V ≫ {α M , Ω K , Ω G3 } is satisfied, Eq. (3.21) approximately reduces to
Provided the inequality Ω V F ≪ 1 − F holds during the early stage of matter era, it follows that
After Ω V F grows to be larger than 1 − F , w DE starts to approach −1. In Fig. 2 , we can confirm that w DE deviates from w eff around the same moment at which Ω V becomes the dominant contribution to Ω DE and that w DE temporally approaches the value close to −1.
After the Universe enters the stage of cosmic acceleration, the solutions finally reach the fixed point (b). For Q = 5.0 × 10 −4 and λ = 0.1, the analytic estimation In Fig. 3 , we plot the parameter space in the (λ, Q) plane constrained from the bound α M (t 0 ) ≤ 7 × 10 −5 , whose border is denoted as the line (i). We also depict the region in which the condition (4.21) for cosmic acceleration of point (b) is satisfied, whose border is shown as the line (ii). This condition gives the upper limit λ < √ 2. The coupling Q is constrained to be
which is tighter than (4.26). The bound (4.27) corresponds to the limit λ → 0. For increasing λ from 0, the constraint on Q is more stringent than (4.27), e.g., Q ≤ 6.2 × 10 −4 for λ = 0.1 and Q ≤ 6.3 × 10 −5 for λ = 1.
If λ > 0.013, then the recent LLR data give the upper limit of Q tighter than the Cassini bound Q ≤ 2.4 × 10 −3 derived for the massless scalar field without the Vainshtein screening. Cosmologically, today's value of Ω G3 is related to the dimensionless coupling β 3 , as
The numerical simulation of Fig. 1 corresponds to Ω G3 (t 0 ) = 1.76 × 10 −12 , x(t 0 ) = −2.29 × 10 −2 , and β 3 = 9.97 × 10 −9 , with Q = 5.0 × 10 −4 . These couplings satisfy the condition (2.11), so the Vainshtein mechanism is at work in the solar system. The existence of φMDE generally requires that β 3 ≪ 1, but still the fifth force can be screened around local sources for the product β 3 Q in the range (2.11). In Fig. 4 , we show the evolution of w DE for four different combinations of Q and λ. In all these cases, α M (t 0 ) is close to the LLR upper limit 7 × 10 −5 , with β 3 of order 10 −8 . As we estimated in Eq. (4.25), w DE temporally approaches the value close to −1 after Ω V dominates over other field density parameters in the matter era. In all the cases plotted in Fig. 4 , the minimum values of w DE are close to −1. Even for the case (D), i.e., λ = 1, w DE reaches the minimum value −0.9952 at z = 4.5. The solutions finally approach the fixed point (b), with w DE given by Eq. (4.19) . For larger λ closer to the border line (ii) in Fig. 3 , the deviation of w DE from −1 at low redshifts is more significant. This property can be used to distinguish between the models with different values of λ from observations.
Since Ω G3 and Ω K are positive with 0 < α M ≪ 1 from the radiation era to the accelerated point (b), the no-ghost condition (3.23) of scalar perturbations is always satisfied. Provided that 1 ≫ Ω G3 ≫ Ω K in the deep radiation era, the scalar propagation speed squared (3.24) reduces to c 2 s ≃ (2 + ǫ φ )/3. In the numerical simulation of Fig. 2 , the quantity ǫ φ approaches the value 1/2 around the redshift z ≈ 10 7 , and hence c 2 s ≃ 5/6 for 10 5 z 10 7 . During the late radiation era (3000 z 10 5 ) in which Ω r starts to deviate from 1, c 2 s temporally decreases due to the decrease of ǫ φ . For Ω K ≫ Ω G3 we have c 2 s ≃ 1 from Eq. (3.24) . Indeed, the approach to this value can be confirmed in Fig. 2 after the onset of matter era. Since c 2 s remains positive from the radiation era to the asymptotic future, the Laplacian instability of scalar perturbations is absent. We note that the property c 2 s > 0 also holds for the four cases shown in Fig. 4 .
B. Screened cosmology
We proceed to the case (ii) in which the cubic coupling β 3 is in the range
with positive values of λ and Q. As we will see below, the field kinetic energy can be suppressed even in the late epoch through the cosmological Vainshtein mechanism. During the radiation dominance the condition (4.2) holds, so the quantity ǫ φ can be estimated as Eq. (4.3) . The difference from the case discussed in Sec. IV A is that ǫ α is much smaller than 1 due to the largeness of Ω G3 relative to α M . Since ǫ φ ≃ −1/2 during most stage of the radiation era, the field density parameters and α M evolve according to Eq. (4.8). Indeed, we can confirm this behavior in Fig. 5 , where the cubic coupling is β 3 = 1.0 × 10 7 . Although Ω K grows faster than Ω G3 , the inequality Ω G3 ≫ Ω K holds even after the end of radiation era. Hence the solutions do not reach the φMDE charactrized by constant Ω K larger than Ω G3 . In Fig. 6 , we observe that both w DE and w eff are close to 1/3 during the radiation dominance.
During the matter-dominated epoch, we study the cosmological evolution under the conditions: 19) , we obtain the differential equations for α M , Ω V , and Ω G3 , as
This means that, provided x < 0, α M increases during the matter era. The density parameter associated with the field potential also grows as Ω V ∝ a 3 . On the other hand, Ω G3 decreases for Ω G3 > α M , whereas it increases for Ω G3 < α M . In the numerical simulation of Fig. 5 , Ω G3 is larger than α M at the onset of matter era and hence Ω G3 decreases by the moment at which α M catches up with Ω G3 . After this catch up, Ω G3 starts to grow. The field kinetic density parameter increases as Ω K ∝ α 2 M , but still Ω K is smaller than Ω G3 around the end of matter era.
In Fig. 5 , we find that Ω V dominates over Ω G3 , Ω K , and α M for the redshift z 200. Then, the dark energy equation of state after the dominance of Ω V is given by Eq. (4.25). The numerical simulation of Fig. 6 shows that w DE starts to deviate from w eff ≃ 0 around z = 200 and then w DE approaches the value close to −1 for z 10. From the radiation dominance to the deep matter era, we have ǫ φ ≃ [Ω r − 3 + (1 − Ω r )(α M /Ω G3 )]/4 under the condition (4.30). Then, the sound speed squared c 2 s ≃ (2 + ǫ φ )/3 can be estimated as
which is valid for z ≫ 10. As Ω r starts to deviate from 1 in the late radiation era, c 2 s decreases from the initial value close to 1/2. Since the ratio α M /Ω G3 grows in the deep matter era, the term (α M /Ω G3 )(1−Ω r ) in Eq. (4.34) starts to increase the value of c 2 s . Indeed, in the numerical simulation of Fig. 6, c 2 s reaches the minimum value 0.430 around z = 365.
In Fig. 5 , we observe that Ω V , Ω G3 , and Ω K asymptotically approach constants with Ω V = O(1) ≫ Ω G3 ≫ Ω K . In the regime where Ω V dominates over Ω G3 , Ω K , and 
(4.35) Then, the solutions approaching a nonvanishing constant x is given by
Substituting this relation into Eqs. (3.18) and (3.19) , it follows that
which can be integrated to give
where c 1 and c 2 are constants. These solutions are valid only at the very late cosmological epoch in which x starts to approach a constant. From Eqs. (4.39) and (4.40) , Ω V and Ω G3 approach the values 1 and c 2 , respectively. Taking the limit Ω V → 1 in Eq. (4.36), we can estimate the asymptotic values of α M and the ratio Ω K /Ω G3 , as
(4.42)
They are in good agreement with the numerical values in Fig. 5 , i.e., α M = 5.24 × 10 −5 and Ω K /Ω G3 = 9.37 × 10 −5 with Ω G3 = 1.22 × 10 −4 , so the condition Ω G3 ≫ Ω K is satisfied. We note that, for the other solution x = 0 in Eq. (4. 35) , Ω G3 approaches 0, so this does not lead to the solution with Ω G3 ≫ Ω K > 0.
In the numerical simulation of Fig. 5 , today's value of α M is 3.38 × 10 −5 and hence this case is within the LLR bound (2.17). On using Eq. (4.41), the criterion for consistency with the LLR experiment is that the asymptotic value of Ω G3 is in the range,
This is a sufficient condition, so the actual upper bound on Ω G3 is slightly tighter. Unlike the case discussed in Sec. IV A, the coupling Q is not particularly bounded from above. Indeed, the numerical simulation of Fig. 5 corresponds to Q = 0.1, but the LLR bound is satisfied. This property comes from the fact that the cubic Galileon term suppresses the field kinetic energy through the cosmological Vainshtein screening, so that the variable x in α M = −2 √ 6Qx is restricted to be small. We note that, even though Ω K ≪ Ω G3 , Ω G3 is much smaller than Ω V , so the cubic Galileon is sub-dominant as the dark energy density.
The asymptotic value of ǫ φ in the future is close to h (≃ 0) to realize x ′ = 0 with x = 0 in Eq. (3.17). Then, the scalar propagation speed squared should approach the value c 2 s ≃ (2 + ǫ φ )/3 ≃ 2/3, which is indeed the case for the numerical simulation in Fig. 6 . Since the condition c 2 s > 0 is satisfied from the radiation dominance to the future, there is no Laplacian instability of scalar perturbations.
The numerical simulation of Fig. 6 corresponds to λ = 1, but w DE is very close to −1 even in the asymptotic future. This behavior is different from the case (D) in Fig. 4 where the solutions finally reach the fixed point (b) with the large deviation of w DE from −1. In the screened cosmology discussed in this section, the future asymptotic solution is characterized by Eqs. (4.41) and (4.42) with the strongly suppressed kinetic energy (Ω K ≪ Ω G3 ≪ Ω V ≃ 1). In this case, the dark energy equation of state is given by Eq. (4.25) with h ≃ 0 in the asymptotic future and hence w DE ≃ −1.
Since the cosmological Vainshtein screening for the field kinetic energy efficiently works for β 3 ≫ 1, it is possible to realize w DE close to −1 at low redshifts even for λ > √ 2. In Fig. 7 , we plot the evolution of w DE for λ = 2 with three different values of Q, all of which correspond to β 3 ≃ 1.0 × 10 7 . Even with λ larger than √ 2, w DE is very close to −1 from the redshift z ≈ O(10) toward the asymptotic future. For decreasing Q, the deviation of F = e −2Q(φ−φ0)/M pl from 1 tends to be smaller in the past and hence the solutions enter the regime Ω V F > 1 − F at earlier time. Then, from Eq. (4.25), the approach of w DE to −1 occurs at higher redshifts. In case (A) of Fig. 7 we have α M (t 0 ) = 6.98 × 10 −5 , so this 
V. MODIFIED GRAVITATIONAL WAVE PROPAGATION
In this section, we study the modified GW propagation induced by the nonminimal coupling F (φ)R and compute the difference between GW and luminosity distances for the dark energy cosmology discussed in Sec. IV. The perturbed line element containing tensor perturbations h ij on the flat FLRW background is given by
To satisfy the transverse and traceless conditions ∂ j h ij = 0 and h i i = 0, we choose the nonvanishing components of h ij , as h 11 = h 1 (t, z), h 22 = −h 1 (t, z) and h 12 = h 21 = h 2 (t, z). Expanding the action (2.1) up to quadratic order in h ij and integrating it by parts, the resulting second-order action of tensor perturbations yields [6, 78, 91] 
In general, the speed c t of tensor perturbations appears as the spatial derivative term −(c 2 t /a 2 )(∂h i ) 2 in the square bracket of Eq. (5.2) . In our theory c 2 t is equivalent to 1, so it automatically satisfies the observational bound of GW propagation speed [8] .
In Fourier space with the coming wavenumber k, the two polarization modes h i (where i = 1, 2) obey the wave equation,ḧ
Eq. (5.3) can be expressed in the form
where η = a −1 dt is the conformal time.
For the physical wavelength much smaller than the Hubble radius (k/a ≫ H), the second term in the parenthesis of Eq. (5.5) can be ignored relative to k 2 . Then, the solution to Eq. (5.5) is simply given by a plane wave with a constant amplitude (ĥ i ≃ e ±ikη ). The amplitude of h i =ĥ i /a GW decreases in proportion to 1/a GW . The GW produced by a binary inspiral (point particles with two masses m 1 and m 2 ) at redshift z with the comoving distance r from an observer has the amplitude [92] :
where t s is the time at emission, G N (t s ) = G/F (t s ) is the screened gravitational coupling at t = t s with G = 1/(8πM 2 pl ), M c = (m 1 m 2 ) 3/5 /(m 1 + m 2 ) 1/5 is the chirp mass, and f s is the frequency measured by the clock of source. We note that the speed of light c is explicitly written in Eq. (5.6). Today's GW amplitude h A (0) observed at time t 0 is related to h A (z), as h A (0) = [a GW (t s )/a GW (t 0 )]h A (z). On using the property a GW (t 0 ) = a(t 0 ), it follows that
where h A,GR (0) = 4 a(t 0 )r where M c ≡ (1 + z)M c . Substituting Eq. (5.9) into Eq. (5.7), the observed GW amplitude is expressed as
On using Eq. (2.16), the quantity F at redshift z is generally expressed as
Then, the relative ratio between d GW (z) and d L (z) yields
, which is the case for our nonminimally coupled dark energy scenario, there is the LLR bound α M (0) ≤ α max , where α max = 7 × 10 −5 . Provided that the past value of α M (z) is smaller than α M (0), the ratio (5.13) is in the range
Expanding the term (1 + z) αmax/2 around α max = 0, it follows that
where we ignored the terms higher than the order α max . Substituting α max = 7 × 10 −5 into the right hand side of Eq. (5.15), we have (α max /2) ln (1 + z) = 1.6 × 10 −4 at z = 100. Then, the quantity µ d (z) is constrained to be µ d (z) 10 −4 , (for 0 < z < 100) . (5.16) This is the maximum allowed difference between d GW (z) and d L (z) constrained from the LLR data. For concreteness, let us consider the nonminimally coupled dark energy scenario given by the action (2.1). From Eq. (5.11), we have
The change of φ from the redshift z to today leads to the difference between d GW (z) and d L (z). As we studied in Sec. IV, there are two qualitative different cases: (i) |β 3 | ≪ 1 with the φMDE, and (ii) |β 3 | ≫ 1 without the φMDE.
In case (i), the LLR data place the tight upper limit (4.27) on the coupling constant Q. In Fig. 8 , we plot Fig. 4 . In all these cases, the LLR bound is marginally satisfied, i.e., α M (0) ≃ 7 × 10 −5 . For the redshift z < 1, the values of µ d (z) are similar to each other between the four cases, with µ d ≃ 1.5 × 10 −5 at z = 1. The difference starts to appear for z > 1, but the orders of µ d (z) at z = 100 are still 10 −5 . As we estimated in Eq. (4.15), the value of α M during the φMDE is of order 4Q 2 and hence α (a) M ≤ 4.6 × 10 −5 under the bound (4.27). Since α (a) M is smaller than today's value α M (0), the main contribution to the ratio (5.13) comes from α M (z) at low redshifts. Since α M (z) at z ≤ 1 is not much different from today's value α M (0) ≃ 7 × 10 −5 in the numerical simulation of Fig. 8 , the maximum value of µ d for z ≫ 1 can be estimated by substituting z = 1 into Eq. (5.15), i.e., µ d O(10 −5 ). Indeed, this crude estimation is consistent with the numerical values of µ d at z ≫ 1 in Fig. 8 . If α M (0) is smaller than 7 × 10 −5 , the resulting values of µ d at high redshifts are less than the order 10 −5 .
In case (ii), the upper limit of Q is not particularly constrained from the LLR experiment, but the cosmological Vainshtein screening leads to the strong suppression ofφ. The case (A) in Fig. 9 , which corresponds to Q = 0.153 and λ = 2, is marginally within the LLR bound. In this case, the value of α M for z ≫ 1 is of order 10 −5 . As we see in Fig. 5 , α M rapidly decreases toward the asymptotic past and hence the main contribution to µ d (z) again comes from α M (z) at z ≤ O(1). In cases (B) and (C) of Fig. 9 , which correspond to the couplings Q = 0.01 and Q = 0.001, today's values of α M are smaller than that in case (A) by one and two orders of magnitude, respectively. In cases (B) and (C), the numerical values of µ d (z) at z = 100 are 1.1 × 10 −6 and 1.1 × 10 −7 , respectively, so the order difference of α M (0) directly affects µ d at high redshifts.
From the above discussion, we have µ d (z) ≤ O(10 −5 ) for 0 < z < 100 in both unscreened and screened cosmological backgrounds. This property is mostly attributed to the fact that the value of α M at low redshifts is tightly limited by the LLR bound. Unless the ratio d GW (z)/d L (z) is measured in high accuracy, it is challenging to observationally distinguish nonminimally coupled theories from minimally coupled theories.
VI. CONCLUSIONS
We studied how the recent LLR measurement constrains nonminimally coupled dark energy models given by the action (2.1). The existence of nonminimal coupling of the form F (φ)R, where F (φ) = e −2Q(φ−φ0)/M pl , gives rise to the propagation of fifth forces characterized by the coupling constant Q with nonrelativistic matter. For a massless scalar field without derivative interactions, the coupling is constrained to be in the range |Q| ≤ 2.4 × 10 −3 from the Cassini experiment. The cubic Galileon coupling β 3 M −3 X φ allows one to recover the Newtonian behavior in over-density regions even for |Q| > 2.4 × 10 −3 . Since the late-time dominance of Galileons as the dark energy density generally leads to the incompatibility with observations, we considered the potential V (φ) of a light scalar field.
In local regions of the Universe, the Galileon self-interaction screens fifth forces within the Vainshtein radius (2.8). The Vainshtein mechanism is at work within the solar system for the cubic coupling in the range |β 3 Q| ≫ 10 −17 . In spite of the screened scalar-matter interaction, the time variation of φ associated with the dynamics of dark energy survives in the expression of gravitational coupling G N in over-density regions, with the form G N = 1/[8πM 2 pl F (φ)]. The recent LLR data placed the tight constraint (2.14) on the time variation of G N , which translates to the bound (2.17) on today's value of α M =Ḟ /(HF ).
To investigate the evolution of α M as well as field density parameters Ω K , Ω V , Ω G3 , we expressed dynamical equations of motion on the flat FLRW background in the autonomous form given by (3.17)- (3.20) . In addition to the dark energy equation of state w DE , we also considered the quantities q s and c 2 s to ensure the absence of ghosts and Laplacian instabilities. Together with Eq. (3.22), the dynamical background equations of motion can be applied to any scalar potential V (φ).
In Sec. IV, we studied the cosmological dynamics in details for the exponential potential (4.1). For the cubic coupling satisfying the condition (2.11), Ω G3 can dominate over Ω K in the radiation-dominated epoch. We showed that, under the conditions |α M | ≫ Ω G3 and |α M | ≪ Ω G3 , the field density parameters and |α M | evolve as Eqs. (4.7) and (4.8), respectively, during the radiation era. After the onset of matter dominance, there are two qualitatively different cases: (i) unscreened cosmology with |β 3 | ≪ 1, and (ii) screened cosmology with |β 3 | ≫ 1.
In case (i), there is the kinetically driven φMDE in which α M is given by α Applying today's bound α M (t 0 ) ≤ 7 × 10 −5 to case (i), the coupling is constrained to be Q ≤ 3.4 × 10 −3 in the limit λ → 0. As we see in Fig. 3 , for increasing λ, the upper bound on Q is tighter than the bound Q ≤ 3.4 × 10 −3 . We also showed that w DE temporally approaches the value close to −1 during the matter era after the dominance of the term Ω V F over 1 − F . For larger λ, the deviation of w DE from −1 on the attractor point (b) tends to be larger, see Fig. 4 .
In case (ii), the cosmological Vainshtein screening of field kinetic energy is at work, so the condition Ω K ≪ Ω G3 is satisfied even after the end of radiation dominance. As we observe in Fig. 5 , α M grows during the matter era and finally approaches a constant related to Ω G3 , as α M = 6QΩ G3 /(4Q + λ). Provided that this asymptotic value of α M is smaller than the order 10 −4 , the case (ii) can be consistent with today's LLR bound (2.17) . Since Ω G3 is much smaller than Ω V today, the coupling Q is not particularly bounded from above. The field kinetic energy is strongly suppressed by the cosmological Vainshtein screening, i.e., Ω K ≪ Ω G3 ≪ Ω V , so it is possible to realize w DE very close to −1 at low redshifts even for λ > √ 2, see Fig. 7 . This behavior is different from that in case (i) where w DE deviates from −1 in the asymptotic future for increasing λ in the range λ < √ 2. In Sec. V, we derived the relation between the GW and luminosity distances in the form (5.11) . In terms of the parameter α M , the ratio between d GW (z) and d L (z) is given by Eq. (5.13) . Provided that α M (z) in the past is smaller than today's value α M (0), the LLR experiment gives the upper limit on the relative difference µ d (z) = d GW (z)/d L (z) − 1 as Eq. (5.15) . We computed the quantity µ d (z) for the nonminimally coupled dark energy scenario discussed in Sec. IV and showed that µ d (z) for z ≥ O(1) is mostly determined by today's value of α M . For α M (0) close to the LLR upper limit 7 × 10 −5 , µ d (z) is of order 10 −5 in the redshift range 1 < z < 100. This property is independent of the unscreened and screened cosmological backgrounds, so the LLR constraint gives a tight restriction on the deviation of d GW (z) from d L (z) in nonminimally coupled theories.
In this paper we did not study the evolution of scalar cosmological perturbations relevant to the observations of large-scale structures and weak lensing, but it is straightforward to do so by using the linear perturbation equations of motion derived in Refs. [6, 78, 93] . In the unscreened cosmological background the upper limit of Q is tightly constrained from the LLR experiment, so the effective gravitational couplings felt by matter and light are close to G N [78] . In the screened background not only Ω K but also Ω G3 is generally much smaller than 1 at low redshifts, so it is expected that the gravitational interaction is not substantially modified from that in GR. At the background level, the dark energy equations of state in the unscreened and screened cases exhibit some difference especially in the late cosmological epoch. It will be of interest to place further constraints on the allowed parameter space of our theory by exploiting the observational data of cosmic expansion and growth histories.
